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APPROXIMATE BIRKHOFF-JAMES ORTHOGONALITY AND
SMOOTHNESS IN THE SPACE OF BOUNDED LINEAR
OPERATORS
ARPITA MAL, KALLOL PAUL, T.S.S.R.K. RAO AND DEBMALYA SAIN
Abstract. We study approximate Birkhoff-James orthogonality of bounded
linear operators defined between normed linear spaces X and Y. As an appli-
cation of the results obtained, we characterize smoothness of a bounded linear
operator T under the condition that K(X,Y), the space of compact linear op-
erators is an M−ideal in L(X,Y), the space of bounded linear operators.
1. Introduction.
Birkhoff-James orthogonality is one of the most important notions of orthogo-
nality defined in a normed linear space. It plays an important role in determining
the geometry of Banach space like smoothness, strict convexity etc. Because of its
importance, several mathematicians including Dragomir [4], Chmielin´ski [2] have
generalized the notion of Birkhoff-James orthogonality in a normed linear space.
The purpose of this paper is to characterize Birkhoff-James orthogonality and ap-
proximate Birkhoff-James orthogonality in the space of bounded linear operators.
Using these characterizations we study smoothness of bounded linear operators
defined between normed linear spaces. Before proceeding further, we introduce
relevant notations and terminologies to be used throughout the paper.
Let X,Y denote normed linear spaces. Throughout the paper we assume that
the normed linear spaces are real and of dimension greater than or equal to 2. Let
BX and SX denote the unit ball and unit sphere of X respectively, i.e., BX = {x ∈
X : ‖x‖ ≤ 1} and SX = {x ∈ X : ‖x‖ = 1}. Let X∗ denote the dual space of X and
Ext(BX) denote the set of all extreme points of the unit ball of X. Let L(X,Y) and
K(X,Y) denote the space of all bounded and compact linear operators respectively
from X to Y. For T ∈ L(X,Y), let MT denote the norm attainment set of T , i.e.,
MT = {x ∈ SX : ‖Tx‖ = ‖T ‖}. A sequence {xn} ⊆ SX is said to be a norming
sequence for a bounded linear operator T , if ‖Txn‖ → ‖T ‖.
For x, y ∈ X, x is said to Birkhoff-James orthogonal [1, 8] to y, written as x ⊥B y
if ‖x + λy‖ ≥ ‖x‖ for all λ ∈ R. In [16], the author introduced the notions of sets
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x+ and x− as follows.
For x, y ∈ X, we say that y ∈ x+ if ‖x + λy‖ ≥ ‖x‖ for all λ ≥ 0 and y ∈ x− if
‖x+ λy‖ ≥ ‖x‖ for all λ ≤ 0.
Dragomir [4] and Chmielin´ski [2] defined approximate Birkhoff-James orthogonality
in the following way.
For x, y ∈ X and ǫ ∈ [0, 1), x ⊥ǫD y if ‖x+ λy‖ ≥
√
1− ǫ2‖x‖ for all λ ∈ R.
Let x, y ∈ X and ǫ ∈ [0, 1). Then x ⊥ǫB y if ‖x + λy‖2 ≥ ‖x‖2 − 2ǫ‖x‖‖λy‖ for all
λ ∈ R.
An element x ∈ X \ {0} is said to be a smooth point of X if J(x) is singleton,
where J(x) = {f ∈ SX∗ : f(x) = ‖x‖}. We further need the notions of L−ideal and
M−ideal [7] in a Banach space which are defined as follows.
A linear projection P on X is called an L−projection if ‖x‖ = ‖Px‖+ ‖x−Px‖
for all x ∈ X. A closed subspace J ⊆ X is called an L−summand (or L−ideal) if
it is the range of an L−projection. A closed subspace J ⊆ X is called an M−ideal
if J0 is an L−summand of X∗, where J0 = {f ∈ X∗ : f(x) = 0 ∀ x ∈ J}, is the
annihilator of J. Note that if P is a contractive projection, then for x ∈ range(P )
and y ∈ ker(P ), x ⊥B y.
In this paper, we characterize approximate Birkhoff-James orthogonality (⊥ǫD)
in the space of compact linear operators defined between arbitrary Banach spaces.
In [11, Th. 3.2], the authors characterized approximate Birkhoff-James orthogo-
nality (⊥ǫB) in the space of compact linear operators when the domain space is
reflexive. We obtain an analogous result for bounded linear operators under some
restriction on the norm attainment set of the operator. In [18, Th. 2.1] and [12,
Th. 2.1], the authors characterized Birkhoff-James orthogonality of compact linear
operators when the domain space is reflexive. Here we generalize these two results
to obtain characterization of Birkhoff-James orthogonality “T⊥BA”, when K(X,Y)
is anM−ideal in L(X,Y) and dist(T,K(X,Y) < ‖T ‖. In [5, Th. 1], Grza¸s´lewicz and
Younis characterized smooth points of L(ℓp, E), where 1 < p < ∞, E is a Banach
space and K(ℓp, E) is an M−ideal in L(ℓp, E). We prove that the necessary part of
the characterization holds for smoothness of arbitrary T ∈ L(X,Y), where X,Y are
arbitrary normed linear spaces.
2. Main results.
We begin this section with a characterization of approximate Birkhoff-James
orthogonality (⊥ǫD) in terms of extreme linear functionals. In [17, Th. 1.1, pp
170], Singer characterized Birkhoff-James orthogonality. He proved the following
theorem.
Theorem 2.1. [17, Th. 1.1, pp 170] Let X be a normed linear space. Then for
x, y ∈ X, x ⊥B y ⇔ ∃ φ, ψ ∈ Ext(BX∗) and α ∈ [0, 1] such that φ(x) = ψ(x) = ‖x‖
and αφ(y) + (1 − α)ψ(y) = 0.
The following theorem generalizes this result.
Theorem 2.2. Let X be a normed linear space. Let x, y ∈ X and ǫ ∈ [0, 1).
Then x ⊥ǫD y if and only if there exists φ, ψ ∈ Ext(BX∗), u ∈ span{x, y} ∩ SX
and t ∈ [0, 1] such that φ(u) = ψ(u) = 1, (1 − t)φ(x) + tψ(x) ≥ √1− ǫ2‖x‖ and
(1− t)φ(y) + tψ(y) = 0.
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Proof. At first we prove the easier sufficient part of the theorem. Let f = (1 −
t)φ+ tψ. Then f(u) = 1, f(y) = 0 and ‖f‖ = 1. Now, f(x) = (1− t)φ(x)+ tψ(x) ≥√
1− ǫ2‖x‖. Therefore, by [10, Lemma 3.2], we have, x ⊥ǫD y.
Now, we prove the necessary part of the theorem. Let x ⊥ǫD y. Let Z = span{x, y}.
Then from [10, Lemma 3.2], there exists f ∈ SX∗ such that f(y) = 0 and f(x) ≥√
1− ǫ2‖x‖. It is easy to see that f attains its norm in Z, i.e., there exists u ∈ SZ
such that f(u) = 1. Now, let g = f |Z . Thus, g ∈ SZ∗ . Therefore, by [17, Lemma 1.1,
pp 166], there exists g1, g2 ∈ Ext(BZ∗) and t ∈ [0, 1] such that g = (1− t)g1 + tg2.
Now, g(u) = 1 ⇒ g1(u) = g2(u) = 1. Again, by [17, Lemma 1.2, pp 168], there
exists φ, ψ ∈ Ext(BX∗) such that φ|Z = g1 and ψ|Z = g2. Clearly, φ(u) = g1(u) = 1
and ψ(u) = g2(u) = 1. Now,
(1− t)φ(x) + tψ(x) = (1− t)g1(x) + tg2(x)
= g(x)
= f(x)
≥
√
1− ǫ2‖x‖ and
(1− t)φ(y) + tψ(y) = (1− t)g1(y) + tg2(y)
= g(y) = 0.
This completes the proof of the theorem. 
In [11, Th. 2.1], the authors characterized approximate Birkhoff-James orthogo-
nality (⊥ǫD) of compact linear operators defined on a reflexive Banach space. Using
Theorem 2.2, we now obtain a characterization of approximate Birkhoff-James or-
thogonality (⊥ǫD) of compact linear operators defined between arbitrary Banach
spaces, not necessarily reflexive. For this we need the following theorem.
Theorem 2.3. [15, Th. 1.3] Let X,Y be Banach spaces. Then
Ext(BK(X,Y)∗) = {x∗∗ ⊗ y∗ ∈ K(X,Y)∗ : x∗∗ ∈ Ext(BX∗∗), y∗ ∈ Ext(BY∗)},
where (x∗∗ ⊗ y∗)(T ) = x∗∗(T ∗y∗) for every T ∈ K(X,Y).
Theorem 2.4. Let X,Y be Banach spaces. Let T,A ∈ K(X,Y) and ǫ ∈ [0, 1).
Then T ⊥ǫD A if and only if there exists S ∈ span{T,A}, y∗1 , y∗2 ∈ Ext(BY∗),
x∗∗1 , x
∗∗
2 ∈ Ext(BX∗∗) and t ∈ [0, 1] such that ‖S‖ = 1, x∗∗i (S∗y∗i ) = 1 for i = 1, 2,
(1−t)x∗∗1 (T ∗y∗1)+tx∗∗2 (T ∗y∗2) ≥
√
1− ǫ2‖T ‖ and (1−t)x∗∗1 (A∗y∗1)+tx∗∗2 (A∗y∗2) = 0.
Proof. We first prove the necessary part of the theorem. Let T ⊥ǫD A. Then
by Theorem 2.2, there exists S ∈ span{T,A}, φ, ψ ∈ Ext(BK(X,Y)∗) and t ∈
[0, 1] such that ‖S‖ = 1, φ(S) = ψ(S) = 1, (1 − t)φ(T ) + tψ(T ) ≥ √1− ǫ2‖T ‖
and (1 − t)φ(A) + tψ(A) = 0. By Theorem 2.3, we obtain φ = x∗∗1 ⊗ y∗1 and
ψ = x∗∗2 ⊗ y∗2 , where x∗∗i ∈ Ext(BX∗∗), y∗i ∈ Ext(BY∗), for i = 1, 2. Therefore,
(1 − t)(x∗∗1 ⊗ y∗1)(T ) + t(x∗∗2 ⊗ y∗2)(T ) ≥
√
1− ǫ2‖T ‖ and (1 − t)(x∗∗1 ⊗ y∗1)(A) +
t(x∗∗2 ⊗ y∗2)(A) = 0. Thus, (1 − t)x∗∗1 (T ∗y∗1) + tx∗∗2 (T ∗y∗2) ≥
√
1− ǫ2‖T ‖ and
(1− t)x∗∗1 (A∗y∗1)+ tx∗∗2 (A∗y∗2) = 0. Now, φ(S) = ψ(S) = 1⇒ (x∗∗i ⊗ y∗i )(S) = 1 for
i = 1, 2, i.e., x∗∗i (S
∗y∗i ) = 1.
For the sufficient part, suppose that there exists S ∈ span{T,A}, y∗1 , y∗2 ∈ Ext(BY∗),
x∗∗1 , x
∗∗
2 ∈ Ext(BX∗∗) and t ∈ [0, 1] such that ‖S‖ = 1, x∗∗i (S∗y∗i ) = 1 for i = 1, 2,
(1−t)x∗∗1 (T ∗y∗1)+tx∗∗2 (T ∗y∗2) ≥
√
1− ǫ2‖T ‖ and (1−t)x∗∗1 (A∗y∗1)+tx∗∗2 (A∗y∗2) = 0.
Let φi = x
∗∗
i ⊗ y∗i for i = 1, 2. Then by Theorem 2.3, φi ∈ Ext(BK(X,Y)∗), for
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i = 1, 2. Now, φi(S) = (x
∗∗
i ⊗ y∗i )(S) = 1 for i = 1, 2, (1 − t)φ1(T ) + tφ2(T ) =
(1 − t)(x∗∗1 ⊗ y∗1)(T ) + t(x∗∗2 ⊗ y∗2)(T ) ≥
√
1− ǫ2‖T ‖ and (1 − t)φ1(A) + tφ2(A) =
(1− t)(x∗∗1 ⊗ y∗1)(A) + t(x∗∗2 ⊗ y∗2)(A) = 0. Thus, by Theorem 2.2, T ⊥ǫD A. 
In addition, if X is reflexive then following the same method as in Theorem 2.4
and using the fact that Ext(BK(X,Y)∗) = {y∗ ⊗ x ∈ K(X,Y)∗ : y∗ ∈ Ext(BY∗), x ∈
Ext(BX)}, where (y∗ ⊗ x)(T ) = y∗(Tx), we can prove the following theorem.
Theorem 2.5. Let X be a reflexive Banach space and Y be a Banach space. Let
T,A ∈ K(X,Y) and ǫ ∈ [0, 1). Then T ⊥ǫD A if and only if there exists S ∈
span{T,A}, y∗1 , y∗2 ∈ Ext(BY∗), x1, x2 ∈ Ext(BX) and t ∈ [0, 1] such that ‖S‖ =
1, y∗i (Sxi) = 1 for i = 1, 2, (1 − t)y∗1(Tx1) + ty∗2(Tx2) ≥
√
1− ǫ2‖T ‖ and (1 −
t)y∗1(Ax1) + ty
∗
2(Ax2) = 0.
In the following theorem, we obtain a characterization of approximate Birkhoff-
James orthogonality (⊥ǫB) of bounded linear operators under some additional con-
dition on the norm attainment set of the operator.
Theorem 2.6. Let X,Y be normed linear spaces. Let T ∈ L(X,Y) be such that
MT = {±x0}, for some x0 ∈ SX. Let span{x0} be an L−ideal of X and P be the
L−projection with range(P ) = span{x0}. Suppose that ‖T ‖ker(P ) < ‖T ‖. Then
for any A ∈ L(X,Y) and ǫ ∈ [0, 1), T ⊥ǫB A if and only if ‖Tx0 + λAx0‖2 ≥
‖Tx0‖2 − 2ǫ‖Tx0‖‖λA‖ for all λ ∈ R.
Moreover, if x0 ∈MA, then T ⊥ǫB A if and only if Tx0 ⊥ǫB Ax0.
Proof. The sufficient part of the proof is trivial. We only prove the necessary
part. Let T ⊥ǫB A and ‖T ‖ker(P ) = m < ‖T ‖. We claim that if {xn} is any
norming sequence for T, then {xn} has a subsequence converging to ax0, where
|a| = 1. Clearly, for each n ∈ N, xn = anx0 + yn, where an ∈ R, yn ∈ ker(P )
and 1 = ‖xn‖ = |an| + ‖yn‖. Since {an} is a bounded sequence of real numbers,
it has a convergent subsequence {ank} converging to a, say. Clearly, |a| ≤ 1. Now,
‖T ( yn‖yn‖ )‖ ≤ ‖T ‖ker(P ) = m⇒ ‖Tyn‖ ≤ m‖yn‖. Therefore,
‖Txnk‖ = ‖ankTx0 + Tynk‖
≤ |ank |‖Tx0‖+ ‖Tynk‖
≤ |ank |‖T ‖+m‖ynk‖
≤ |ank |‖T ‖+m(1− |ank |)
⇒ ‖Txnk‖ −m ≤ |ank |(‖T ‖ −m)
⇒ ‖T ‖ −m ≤ |a|(‖T ‖ −m), [taking limit k →∞]
⇒ 1 ≤ |a|
Thus, ank → a, where |a| = 1. Hence, ynk → 0 and xnk → ax0, where |a| = 1.
This proves our claim. Since T ⊥ǫB A, from [11, Th. 3.4], we have, either (a) or (b)
holds.
(a) There exists a norming sequence {xn} for T such that limn→∞ ‖Axn‖ ≤ ǫ‖A‖.
(b) There exists two norming sequences {xn}, {yn} for T and two sequences of pos-
itive real numbers {ǫn}, {δn} such that
(i) ǫn → 0, δn → 0
(ii) ‖Txn + λAxn‖2 ≥ (1− ǫ2n)‖Txn‖2 − 2ǫ
√
1− ǫ2n‖Txn‖‖λA‖ for all λ ≥ 0.
(iii) ‖Tyn + λAyn‖2 ≥ (1− δ2n)‖Tyn‖2 − 2ǫ
√
1− δ2n‖Tyn‖‖λA‖ for all λ ≤ 0.
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First suppose that (a) holds. Then there exists a subsequence {xnk} of {xn} con-
verging to ax0, where |a| = 1. Therefore, ‖Ax0‖ = limk→∞ ‖Axnk‖ ≤ ǫ‖A‖. Thus,
for all λ ∈ R, ‖Tx0+λAx0‖2 ≥ (‖Tx0‖−|λ|‖Ax0‖)2 ≥ ‖Tx0‖2−2‖Tx0‖|λ|‖Ax0‖ ≥
‖Tx0‖2 − 2ǫ‖Tx0‖‖λA‖.
Now, suppose that (b) holds. Then there exists subsequences {xnk} and {ynk}
of {xn} and {yn} respectively, such that xnk → ax0 and ynk → bx0, where
|a| = |b| = 1. Now, in (ii) and (iii) of (b), taking limit we obtain, ‖Tx0+λAx0‖2 ≥
‖Tx0‖2 − 2ǫ‖Tx0‖‖λA‖ for all λ ∈ R.
Clearly, if x0 ∈ MA, then T ⊥ǫB A if and only if Tx0 ⊥ǫB Ax0. This completes the
proof of the theorem. 
Remark 2.1. Note that, ifX is an L1−predual space, then for every x∗ ∈ Ext(BX∗),
span{x∗} is an L−ideal of X∗. Now, if T ∈ L(X,X) is such that MT∗ = {±x∗} and
‖T ∗‖ker(P ) < ‖T ∗‖, where P is the L−projection with range(P ) = span{x∗}, then
T ∗ satisfies the hypothesis of Theorem 2.6.
Using Theorem 2.6, we obtain the following characterization of Birkhoff-James
orthogonality of bounded linear operators.
Corollary 2.6.1. Let X,Y be normed linear spaces. Let T ∈ L(X,Y) be such that
MT = {±x0}, for some x0 ∈ SX. Let span{x0} be an L−ideal of X and P be the
L−projection with range(P ) = span{x0}. Suppose that ‖T ‖ker(P ) < ‖T ‖. Then for
any A ∈ L(X,Y), T ⊥B A if and only if Tx0 ⊥B Ax0.
In [18, Th. 2.1] and [12, Th. 2.1], the authors characterized Birkhoff-James
orthogonality of compact linear operators when the domain is reflexive. In the next
theorem, we obtain analogous results for bounded linear operators under some
restriction on the spaces.
Theorem 2.7. (i) Let X be a reflexive Banach space and Y be a Banach space.
Suppose that K(X,Y) is an M−ideal in L(X,Y). Let T ∈ L(X,Y) be such that
‖T ‖ = 1 and dist(T,K(X,Y)) < 1. Then for any A ∈ L(X,Y), T ⊥B A if and only
if there exists x1, x2 ∈MT ∩Ext(BX) such that Ax1 ∈ (Tx1)+ and Ax2 ∈ (Tx2)−.
(ii) In addition, if MT = D ∪ (−D), where D is a closed connected subset of SX,
then T ⊥B A if and only if there exists x ∈MT such that Tx ⊥B Ax.
Proof. (i) The sufficient part of the theorem is trivial. We only prove the necessary
part of the theorem. Let T ⊥B A. Then by Theorem 2.1, there exists φ, ψ ∈
Ext(BL(X,Y)∗) ∩ J(T ) and α ∈ [0, 1] such that αφ(A) + (1 − α)ψ(A) = 0. Clearly,
φ, ψ ∈ Ext(J(T )). Therefore, by [20, Lemma 3.1], there exists xi ∈MT ∩Ext(BX)
and y∗i ∈ Ext(J(Txi)) for i = 1, 2 such that φ = y∗1 ⊗ x1 and ψ = y∗2 ⊗ x2. Now,
αφ(A) + (1− α)ψ(A) = 0
⇒ αy∗1 ⊗ x1(A) + (1− α)y∗2 ⊗ x2(A) = 0
⇒ αy∗1(Ax1) + (1 − α)y∗2(Ax2) = 0
Therefore, without loss of generality we may assume that y∗1(Ax1) ≥ 0 and y∗2(Ax2) ≤
0. Thus, for any λ ≥ 0, ‖Tx1 + λAx1‖ ≥ |y∗1(Tx1 + λAx1)| ≥ ‖Tx1‖, since y∗1 ∈
Ext(J(Tx1)). Hence, Ax1 ∈ (Tx1)+. Similarly, y∗2(Ax2) ≤ 0 and y∗2 ∈ Ext(J(Tx2))
gives that Ax2 ∈ (Tx2)−.
(ii) The sufficient part of the theorem is trivial. We only prove the necessary part.
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Let T ⊥B A and MT = D ∪ (−D), where D is a closed connected subset of SX.
Consider the sets
W1 = {x ∈ D : Ax ∈ (Tx)+},
W2 = {x ∈ D : Ax ∈ (Tx)−}.
Then by (i), W1 6= ∅, W2 6= ∅. It is easy to check that W1 and W2 are closed.
Applying [16, Prop. 2.1 (i)], we obtain D = W1 ∪ W2. Since D is connected,
W1 ∩W2 6= ∅. Let x ∈ W1 ∩W2. Then by [16, Prop. 2.1 (ii)], Tx ⊥B Ax. This
completes the proof of the theorem. 
We next give a characterization of “T ⊥ǫB A” under the condition that K(X,Y)
is an M−ideal in L(X,Y) and dist(T,K(X,Y)) < ‖T ‖.
Theorem 2.8. (i) Let X be a reflexive Banach space and Y be a Banach space.
Suppose that K(X,Y) is an M−ideal in L(X,Y). Let T ∈ L(X,Y) be such that
‖T ‖ = 1 and dist(T,K(X,Y)) < 1. Then for any A ∈ L(X,Y) and ǫ ∈ [0, 1),
T ⊥ǫB A if and only if there exists x1, x2 ∈MT ∩Ext(BX) such that
‖Tx1 + λAx1‖2 ≥ ‖T ‖2 − 2ǫ‖T ‖‖λA‖ ∀ λ ≥ 0 and
‖Tx2 + λAx2‖2 ≥ ‖T ‖2 − 2ǫ‖T ‖‖λA‖ ∀ λ ≤ 0.
(ii) In addition, if MT = D ∪ (−D), where D is a closed connected subset of
SX, then T ⊥ǫB A if and only if there exists x ∈ MT such that ‖Tx + λAx‖2 ≥
‖T ‖2 − 2ǫ‖T ‖‖λA‖ for all λ ∈ R.
Proof. (i) The sufficient part of the theorem is trivial. We only prove the necessary
part of the theorem. Let T ⊥ǫB A. Then by [3, Th. 2.2], there exists S ∈ span{T,A}
such that T ⊥B S and ‖S − A‖ ≤ ǫ‖A‖. Since T ⊥B S, by Theorem 2.7, there
exists x1, x2 ∈MT ∩Ext(BX) such that Sx1 ∈ (Tx1)+ and Sx2 ∈ (Tx2)−. Now, for
i = 1, 2, ‖Sxi−Axi‖ ≤ ‖S−A‖ ≤ ǫ‖A‖. Suppose that λ ≥ 0. If ‖Tx1‖−2ǫ‖λA‖ < 0,
then ‖T ‖2 − 2ǫ‖T ‖‖λA‖ = ‖Tx1‖2 − 2ǫ‖Tx1‖‖λA‖ < 0 ≤ ‖Tx1 + λAx1‖2. If
‖Tx1‖ − 2ǫ‖λA‖ ≥ 0, then
‖Tx1 + λAx1‖2 = ‖Tx1 + λSx1 − λSx1 + λAx1‖2
≥ (‖Tx1 + λSx1‖ − |λ|‖Sx1 −Ax1‖)2
≥ ‖Tx1 + λSx1‖2 − 2‖Tx1 + λSx1‖|λ|‖Sx1 −Ax1‖
≥ ‖Tx1 + λSx1‖2 − 2‖Tx1 + λSx1‖|λ|ǫ‖A‖
≥ ‖Tx1 + λSx1‖(‖Tx1 + λSx1‖ − 2ǫ‖λA‖)
≥ ‖Tx1‖(‖Tx1‖ − 2ǫ‖λA‖) [Since Sx1 ∈ (Tx1)+]
= ‖T ‖2 − 2ǫ‖T ‖‖λA‖.
Thus, we get, ‖Tx1 + λAx1‖2 ≥ ‖T ‖2 − 2ǫ‖T ‖‖λA‖ for all λ ≥ 0. Similarly, using
Sx2 ∈ (Tx2)−, it can be proved that ‖Tx2 + λAx2‖2 ≥ ‖T ‖2 − 2ǫ‖T ‖‖λA‖ for all
λ ≤ 0.
(ii) The proof follows easily from Theorem 2.7 and the method adopted in part (i)
of this theorem. 
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3. Applications.
As an application of results obtained in the previous section we study smooth-
ness of bounded linear operators defined between arbitrary normed linear spaces.
Recently, many authors [12, 19, 13, 14] have studied smoothness of bounded lin-
ear operators. We first obtain a characterization of smoothness of bounded linear
operator T when MT = {±x0} and span{x0} is an L−ideal of X.
Theorem 3.1. Let X,Y be normed linear spaces. Let T ∈ L(X,Y) be such that
MT = {±x0}, for some x0 ∈ SX. Let span{x0} be an L−ideal of X. Then T is
smooth if and only if the following conditions hold.
(i) Tx0 is a smooth point in Y.
(ii) ‖T ‖ker(P ) < ‖T ‖, where P is the L−projection with range(P ) = span{x0}.
Proof. The proof follows easily from Corollary 2.6.1, [19, Th. 3.3], [12, Th. 4.4]
and the fact that x0 ⊥B ker(P ). 
In [5], Grza¸s´lewicz and Younis characterized smooth points of L(ℓp, E), where
1 < p < ∞, E is a Banach space and K(ℓp, E) is an M-ideal in L(ℓp, E). In the
following theorem, we generalize the necessary part of the Theorem [5, Th. 1], the
proof of which follows easily from [19, Th. 3.3].
Theorem 3.2. Let X,Y be normed linear spaces. Let T ∈ L(X,Y) be such that
MT 6= ∅. Suppose that T is smooth. Then the following conditions hold.
(i) MT = {±x0} for some x0 ∈ SX.
(ii) Tx0 is smooth point in Y.
(iii) dist(T,K(X,Y)) < ‖T ‖.
Grza¸s´lewicz and Younis [5, Lemma 1] proved that the converse of Theorem 3.2 is
also true if we additionally assume that X is a reflexive Banach space and K(X,Y)
is an M−ideal in L(X,Y). Using Theorem 2.7, we give an alternative proof of [5,
Lemma 1].
Theorem 3.3. Let X be a reflexive Banach space and Y be a Banach space. Let
K(X,Y) be an M−ideal in L(X,Y). Let T ∈ L(X,Y) be such that the following
conditions hold.
(i) MT = {±x0} for some x0 ∈ SX.
(ii) Tx0 is smooth point in Y.
(iii) dist(T,K(X,Y)) < ‖T ‖.
Then T is smooth.
Proof. Without loss of generality assume that ‖T ‖ = 1. Let A,B ∈ L(X,Y) be such
that T ⊥B A and T ⊥B B. Then by Theorem 2.7, Tx0 ⊥B Ax0 and Tx0 ⊥B Bx0.
Since Tx0 is smooth, by [8, Th. 4.2], Tx0 ⊥B (Ax0 +Bx0). Thus, T ⊥B (A+ B),
since x0 ∈MT . Hence, T is smooth. This completes the proof of the theorem. 
Combining Theorem 3.2 and Theorem 3.3, we obtain the following theorem,
characterizing the smooth points of L(X,Y), where X is a reflexive Banach space,
Y is a Banach space and K(X,Y) is an M−ideal in L(X,Y).
Theorem 3.4. Let X be a reflexive Banach space and Y be a Banach space. Let
K(X,Y) be an M−ideal in L(X,Y). Let T ∈ L(X,Y) be such that MT 6= ∅. Then T
is smooth if and only if the following conditions hold.
(i) MT = {±x0} for some x0 ∈ SX.
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(ii) Tx0 is smooth point in Y.
(iii) dist(T,K(X,Y)) < ‖T ‖.
Remark 3.1. We would like to remark that if X∗ and Y are separable then K(X,Y)
is also separable. A well-known theorem of Mazur asserts that in a separable Banach
space smooth points are dense (see [6, pp.171]). Recently Martin [9] proved the
existence of compact operators that cannot be approximated by norm attaining
operators. From these facts it is easy to see that there is a compact operator which
is smooth but does not attain its norm. Thus for smoothness of T ∈ L(X,Y) it
is not necessary that MT 6= ∅. However, assuming that MT 6= ∅, we can raise the
following open question.
Question. Let X,Y be normed linear spaces and T ∈ L(X,Y) be such that
(i) MT = {±x0} for some x0 ∈ SX.
(ii) Tx0 is smooth point in Y.
(iii) dist(T,K(X,Y)) < ‖T ‖.
Then whether T is smooth or not.
References
[1] G. Birkhoff, Orthogonality in linear metric spaces, Duke Math. J., 1 (1935) 169–172.
[2] J. Chmielin´ski, On an ǫ−Birkhoff orthogonality, J. Inequal. Pure Appl. Math, 6 (3) (2005)
Article 79.
[3] J. Chmielin´ski, T. Stypu la and P. Wo´jcik, Approximate orthogonality in normed spaces and
its applications, Linear Algebra Appl., 531 (2017) 305–317.
[4] S. S. Dragomir, On approximation of continuous linear functionals in normed linear spaces,
An. Univ. Timisoara Ser. Stiint. Mat., 29 (1991) 51–58.
[5] R. Grza¸s´lewicz and R. Younis, Smooth points and M-ideals, J. Math. Anal. Appl., 175 (1993)
91–95.
[6] R. B. Holmes, Geometric functional analysis and its applications. Graduate texts in mathe-
matics,24(1975), New York (NY): Springer-Verlag, x+246pp.
[7] P. Harmand, D. Werner and W. Werner, M-Ideals in Banach Spaces and Banach Algebras,
Lecture Notes in Mathematics, 1547 (1993), Springer-Verlag, Berlin, viii+387pp.
[8] R. C. James, Orthogonality and linear functionals in normed linear spaces, Trans. Amer.
Math. Soc. 61 (1947) 265–292.
[9] M. Martin, Norm-attaining compact operators, J. Funct. Anal., 267 (2014) 1585–1592.
[10] A. Mal, D. Sain and K. Paul, On some geometric properties of operator spaces, Banach J.
Math. Anal., to appear, arXiv:1802.06227v2[math.FA] 11 Oct 2018.
[11] K. Paul, D. Sain and A. Mal, Approximate Birkhoff-James orthogonality in the space of
bounded linear operators, Linear Algebra Appl., 537 (2018) 348–357.
[12] K. Paul, D. Sain and P. Ghosh, Birkhoff-James orthogonality and smoothness of bounded
linear operators, Linear Algebra Appl., 506 (2016) 551–563.
[13] T. S. S. R. K. Rao, Smooth points in spaces of operators, Linear Algebra Appl., 517 (2017)
129–133.
[14] T. S. S. R. K. Rao, On a theorem of Abatzoglou for operators on abstract L and M-spaces,
J. Math. Anal. Appl., 453 (2017) 1000–1004.
[15] W. M. Ruess and C. P. Stegall, Extreme points in duals of operator spaces, Math. Ann., 261
(1982) 535–546.
[16] D. Sain, Birkhoff-James orthogonality of linear operators on finite dimensional Banach
spaces, J. Math. Anal. Appl., 447 (2017) 860–866.
[17] I. Singer, Best approximation in normed linear spaces by elements of linear subspaces,
Grundlehren Math. Wiss., vol.171, Springer-Verlag, Berlin, Heidelberg, New York, 1970.
[18] D. Sain, K. Paul and A. Mal, A complete characterization of Birkhoff-James orthogonality
in infinite dimensional normed space, J. Operator Theory, 80 (2) (2018) 399–413.
[19] D. Sain, K. Paul, A. Mal and A. Ray, A complete characterization of smoothness in the space
of bounded linear operators, arXiv:1806.10876v1[math.FA] 28 June 2018.
APPROXIMATE BIRKHOFF-JAMES ORTHOGONALITY AND SMOOTHNESS IN L(X,Y) 9
[20] P. Wo´jcik, Birkhoff orthogonality in classical M-ideals, J. Aust. Math. Soc., 103 (2017)
279–288.
(Mal) Department of Mathematics, Jadavpur University, Kolkata 700032, West Ben-
gal, INDIA
E-mail address: arpitamalju@gmail.com
(Paul) Department of Mathematics, Jadavpur University, Kolkata 700032, West Ben-
gal, INDIA
E-mail address: kalloldada@gmail.com
(Rao) Theoretical Statistics and Mathematics Unit, Indian Statistical Institute,
Bangalore, India
E-mail address: tss@isibang.ac.in
(Sain) Department of Mathematics, Indian Institute of Science, Bengaluru 560012,
Karnataka, India,
E-mail address: saindebmalya@gmail.com
